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Abstract 

Zamolodchikov's c-theorem type argument (and also string theory effective 
action constructions) imply that the RG flow in 2d sigma model should be a 
gradient one to all loop orders. However, the monotonicity of the flow of the 
target-space metric is not obvious since the metric on the space of metric-dilaton 
couplings is indefinite. To leading (one-loop) order when the RG flow is simply 



the Ricci flow the monotonicity was proved by Perelman ( math.dg/0211159[ ) 
by constructing an "entropy" functional which is essentially the metric-dilaton 
action extremised with respect to the dilaton with a condition that the target- 
space volume is fixed. We discuss how to generalize the Perelman's construction 
to all loop orders (i.e. all orders in a'). The resulting "entropy" is equal to minus 
the central charge at the fixed points, in agreement with the general claim of the 
c-theorem. 
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1 Introduction 



2d sigma models containing infinite number of couplings parametrized by target-space 
metric tensor Gfj_i,{x) have many interesting connections to various problems in physics 
and mathematics. In particular, they play an important role in string theory, describing 
string propagation in curved space. In order to define the quantum stress tensor of 
the sigma model, i.e. its renormalization on a curved 2d space, one is led to the 
introduction an extra scalar coupling function (^{x) or the dilaton. The corresponding 
metric and dilaton RG "beta-functions" /3* are then proportional to string effective 
equations of motion (for reviews see, e.g., [HE]). Assuming that the c-theorem claim 
[3] should apply to the sigma model (with compact euclidean target space) one should 
the existence of a (local, covariant) functional of the metric such that (i) its gradient 
is proportional to (with certain diffeomorphism terms added), (ii) it decreases along 
the RG flow and (iii) it is equal to the central charge at fixed points. While the 
gradient property of the flow is relatively easy to establish, its monotonicity is much 
less obvious. In particular, the direct generalization of Zamoldchikov's proof of the 
c-theorem [3] leads to the "central charge" action which vanishes at any fixed point, 
instead of decreasing along the flow. 

One may expect that the statement of the c-theorem should apply provided one 
considers only the G^jy metric flow (the flow of the dilaton plays, in a sense, a secondary 
role). However, the technical details of the Zamolodchikov-type construction [3l H] of 
the "central charge" functional do not directly apply if one ignores the dependence 
on the dilaton. This suggests that one needs an alternative way of constructing the 
corresponding RG entropy. The idea of such construction was suggested by Perelman 
[5J (see also a review and generalizations in [6j) on the example of the Ricci flow which 
is the 1-loop approximation to the full sigma model RG flow. He, in turn, was inspired 
by the structure of the leading terms in the metric-dilaton effective action which first 
appeared in the string-theory context [71, '8] . 

Below we shall present a generalization of the Perelman's construction to all orders 
in sigma model loop expansion, i.e. suggest how to prove the c-theorem for the sigma 
model. We shall first review (in sect. 2) the basic facts about the structure of sigma 
model "beta-functions" and the associated "central charge" action. In sect. 3 we shall 
define a modification of such action which is equal to minus the Perelman's "A-entropy" 
and interpret the latter as a Lagrange multiplier for the fixed volume condition. We 
shall argue that this entropy should grow along the metric RG flow and is equal to 
minus the central charge at the fixed points. 
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2 Review of sigma model results: Weyl anomaly 
coefficients and "central charge" action 

Let us start with a review of some known facts about renormalization of sigma model 
on curved 2d space. One reason to consider quantum sigma model on a curved space is 
to be able to define its stress tensor and its correlators which enter the standard proof of 
the c-theorem. Another is that to be able to define global quantities that may provide 
one with a "c-function" one needs to consider a 2-space of a topology of a sphere (to 
regularize, in particular, the IR divergences). The same problem also naturally arises 
in the context of the Polyakov's approach to critical string theory when one considers 
propagation of a string in D-dimensional curved target space with metric [HEIIS]. 
The corresponding action / = J (Pz^/g g°'^ daX^daX'^G^u{x) is classically invariant 
under Weyl rescalings of the 2d metric Qab, implying the decoupling of the conformal 
factor of this metric. Consistency of the critical string theory (where conformal factor 
of the 2d metric is not a dynamical field) then translates into the requirement of the 
cancellation of the Weyl anomaly. The renormalizability of the above sigma model 
on curved 2d background requires introduction of one extra "hidden" scalar (dilaton) 
coupling which has the same dimension as the metric term [7] 

/ = ^ / dh^ [g'''daX>'dhx''G,,{x) + a'R^^^{x) ] , (2.1) 

where i?*^^) is the curvature of Qab- 

The two couplings run with renormalization scale according to the corresponding 
beta-functionci 

^ = -/3\ y.^ = (G,.,0). (2.2) 

The operator form of the Weyl anomaly relation for the trace of the 2d stress tensor is 
then 

27raX" = [9aX^9"x"^2^(a;)] + a R^^\p'^ {x)] , (2.3) 

where the /?* are the Weyl-anomaly coefficients that differ from /5* by certain diffeo- 
morfism terms [121 122] 

'P% = f3% + V,M, + V,M^, B^ = (3^ + M^d,<t>, (2.4) 

M^ = a'd^cp + W^{G) . (2.5) 

Wfj, is a specific covariant vector constructed out of curvature and its covariant deriva- 
tives only (it is determined from the matrix that governs mixing under renormalization 
of dimension 2 operators). 

^In our present notation (opposite to that of [1]) the RG evolution toward the IR corresponds to 
t = — hi/i ^ +00 (/i is a momentum renormahzation scale). 
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In dimensional regularization with minimal subtraction one finds to 2-loop order 

Iini[IIl[Zl[I21[I30 

(3% = a'R^, + ]^a'^R^xp.Rj''"' + Oia'^R") (2.6) 

(5^ = -7(G)0 + uj{G) = Co - \a'V^<P + ^a'^Rx^.^X'^P + Oia'^R") , (2.7) 

where in critical bosonic string cq = |(D ~ 26) (D being the total number of coor- 
dinates and —26 stands for the measure or ghost contribution [T5]). Here w is a 
scalar function of the curvature and its covariant derivatives. 7(6*) is a differential 
operator (scalar anomalous dimension) which in the minimal subtraction scheme has 
the following general form [Til El [13] 

00 

7 = i^rv(^v.) + n^n'-'-'^iM-^,.) . (2-8) 

n=3 

1 

— ( 

2 

^ = q^a'^D^Rp^^R'^^^P + ... , fif"^ = + ... . (2.10) 

In the minimal subtraction scheme gets a non-zero contribution only starting with 
3 loops 

= t,a"d,{Rx,ypR''"'n + - ■ (2.11) 

The 3-loop coefficients here arepi = jq, ^1 = ^ [IS] and the 4-loop coefficients qi,Si, ... 
were found in [T71 dB] . 

In general, the Weyl anomaly coefficients (3^^^ and f3'^ satisfy D differential identities 
which can be derived from the condition of non-renormalisation of the trace of the 



= -a'C'" + + ... , (2.9) 



energy-momentum tensor of the sigma model 

d,P'^ - (5iV^0 + V^'nPfp = , (2.12) 

where the differential operator V^^ depends only on G^^,. To lowest order V^^P^p = 
l^^iP^ - \Gi,uG^''Bxp) + 0{a% Eq. fl^TT^ implies that once the metric conformal 
invariance equation is imposed, = 0, then j]'^ =const, and thus /^"^ = gives just 
one algebraic equation. 

The existence of the indentity (12.121) implying D conditions between |D(D + 1) + 1 
functions fi'^^ and would have a natural explanation if (3^ and fi'^ could be obtained 
by variation from a covariant action functional S{G, 0) [H [151 [12] 

^ = ^• = ««|^, (2.13) 



■^The 3-loop a'^ and 4-loop a'^ corrections to beta-functions were computed, respectively, in [24] 
and [III. 
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where is a non-degenerate covariant operator. Indeed, the diffeomorphism invari- 
ance of S imphes the identity 



_ SS 1 6S^^ , 



which would then relate and P'^. 

Indeed, such action functional is easy to find to leading order in a' 

S = J d^xVG e-^^ Co - a'ilR + df,(j)d''(j)) + 0{a'^) 

Then 



(2.14) 



(2.15) 



= a'(^M. + 2V^V.0) + 0{a'^) , 



(2.16) 
(2.17) 



follow from this action if k, in (12.131) is 



G 



VGe-^'^y Gap i(D - 2) 



+ 0{a') 



(2.18) 



^i^Ar ^ '_2 )+0(«'). (2.19) 
The Lagrangian in (12.151) can be written as (up to a total derivative) 

= - iG^^'Bp, = Co - \a'{R + 4VV - 45^05^0) + 0(a'2) . (2.20) 

This combination [13] may be interpreted as a "generalized central charge" function: 
it appears as the leading term in the expectation value of the trace of the stress tensor 
{2-n < >= + ...) and is equal to the central charge at the conformal point 

where = (then ^'^ = (3^ =const). 

Ref. |1] put forward an argument (based on the idea of the proof of the c-theorem 
in [3]) that the "central charge" actior0 

S = j cPxVG e-2<^ /3'^(G, 0) = 1 (PxVG e'^^ (/3<^ - ^G'^'/Jj,) (2.21) 

should have its equations of motion equivalent to = 0, (3^ = to all orders in a' 
(provided one chooses an appropriate scheme, i.e. modulo a local redefinition of G^^, 

"^In the second equality below we used the reparametrization invariance of the action and the fact 
that differ from by diffeomorphism terms. Note also that when acting on a diffeomorphisni- 
invariant functional one has /3' • = • this relation will be used below. 
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and 0). This was indeed confirmed by the exphcit sigma model computations up to 
and including the 4- loop {a'^) order [TSl [IZl dB] . 

This action has a remarkable structure. In particular, it can be rewritten as 




(2.22) 



Then assuming that G^iy and (p depend on the renormalization point and using (12.21) 
one finds [1] 

S=-^, V = [ (PxVG e-2<^ , (2.23) 

2 at J 

i.e. that the "central charge" action evaluated on the RG running couplings is simply 
the RG "time" derivative of the generalized volume. 

More generally, based on detailed study of renormalization of the sigma model ref. [HI 
|20] have constructed an action that reproduces the Weyl anomaly coefficients, i.e. 
satisfies (12.131) . to any order in a' in an arbitrary (covariant) renormalization scheme. 
This action hs the following structure 

5i = y d^xy/G e~^^{J,p' + Pijp'p^) , (2.24) 

where J^p = 1 + ..., Jq" = + etc. are functions of ipi = (0, G^,^) determined in 

terms of the renormalization group quantities. The matrix pij is, in principle, arbitrary 
(eq. fl2.13p is satisfied for any pij) but for a specific choice of it one can show ^19j that 
((221 becomes (cf. (^22>) 




(2.25) 



where in the minimal subtraction scheme 

J^ = l- \a'^R^,xpR'"''' + 0{a''') . (2.26) 

As was pointed out in sect. 6 of pQ, if one further redefines the dilaton by — |ln 
the action (12.251) reduces to the simpler- looking action (12.211) or (l2.22p FI Thus, there 
should always exist a scheme in which the gradient of (12.211) reproduces /3* to all a' 
ordersJ§ Refs. \19\ and \18\ found explicitly the renormalization scheme in which the 
action (12.241) of [19] reduces to the action (12.211) of [Ij at orders a'^ and a"^ respectively. 

Let us note that the representation (12.231) is closely related to the interpretation of the 
action whose extrema are equivalent to the vanishing of the sigma model Weyl anomaly 

^One needs to note that under a coupling redefinition • — /3'* • j^- 

possible drawback of this general argument is that the corresponding scheme choice is somewhat 
implicit. In the dimensional regularization with minimal subtraction the two actions begin to differ 
starting with a'^ order, i.e. to relate them at 3- and higher loop orders one needs a certain field 
redefinition. 
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coefficients as the string low-energy effective action for the graviton and dilaton modes. 
The effective action can be reconstructed from the string S-matrix. Its relation to the 
sigma model is explained by the observation [7j that the generating functional for the 
string scattering amplitudes can be interpreted as a partition function Z = J[dx]e^^ 
on the 2-sphere with the string action being the sigma model with couplings which 
are the string space-time fields. The realization that a renormalisation of the sigma 
model corresponds to a subtraction of massless poles in the string scattering amplitudes 
and that a subtraction of the Mobius volume infinities can be done by differentiating 
over the logarithm of the 2d cutoff led to the expression for the tree-level closed string 
effective action 5* in terms of the "RG time" derivative of the renormalised sigma model 



partition function Z [21 



Here we used the RG equation for Z: = ^ — ■ = 0. Finally, there exists 
a scheme choice in which the renormalized value of Z is simply proportional to the 
generalized volume V in fl2.23p [2T|[T]. This explains the equivalence between the sigma 
model RG -motivated "central charge" action (I2.21l) . fl2.23p and the string partition 
function -motivated effective action fl2.27p . 



3 Monotonicity of RG flow for G^j^ coupling 

The existence of the action (12.2 ip . (12.250 whose derivative is proportional (I2.13P to the 
Weyl-anomaly coefficients implies, in particular, that the RG fiow of the metric G^i, 
and the dilaton couplings of the sigma model (12.10 (with a specific choice (12.40 . (12.50 of 
the diffeomorphism terms) is a "gradient flow". This flow is not, however, monotonic. 
Indeed, the "central charge" action (I2.2ip vanishes at the fixed points; also, ^ = 
—HijP'^P^ does not have a deflnite sign since the "metric" in (I2.13p . (l2.180 is not 
sign-deflnite. 

At the same time, one may expect (in view of the Zamolodchikov's theorem [3j for 
unitary 2d theories with flnite number of couplings)0 that if one restricts attention just 
to the RG flow of the metric 6*^,^ (and considers the case of compact euchdean signature 
space) there should exists an action functional S{G) whose gradient is proportional to 
P'-^ and which decreases along the G^^, flow toward the IR. 

A natural guess is that S{G) should be closely related to the functional S{G,(f)), 
e.g., it could be found by solving for the dilaton, i.e. by extremising S{G, (p) in 0. The 

^The proof of the Zamolodchikov's theorem does not directly apply to the case of sigma models. If 
one tries to repeat the construction of ^3^ of the "central charge function" (whose gradient is the beta 
function) based on correlators of stress tensor [A] one needs to introduce the running dilaton coupling 
and then the metric on the space of couplings is indefinite (and also the value of the central charge 
function at the fixed point is zero). 
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"secondary" role of the dilaton coupling is suggested by the existence of the identity 
fl2.12p that expresses its beta-function in terms of the metric beta-function. 

The idea of finding S{G) by eliminating (p from S{G, (p) does not, however, work 
directly. At the leading order in a' the combination jS"^ in fl2.20p has a remarkable 
property that its variation over with the measure factor in fl2.2ip is zero. The 
variation of fl2.2ip over gives simply 

^ = -2VG e~^^P't> = , (3.1) 

0(p 

i.e. 13^^ = 0, and then the action S vanishes even before imposing (3^ = 0. The 
same property of P'^ is true at least to order a"^ and should be true in general in an 
appropriate scheme]^ 

To get a non-trivial functional S{G) Perelman [5] suggested to minimize S{G,(j)) in 
(f) while restricting (f) to satisfy the unit volume condition]^ 



V = / cPxVG e-^^ = 1 . (3.2) 



Imposing this condition may be in a sense interpreted as extremizing S over the con- 
stant part of P'^ or the central charge parameter cq in (I2.20p . Indeed, adding the 
constraint fl3.2p to the action fl2.2ip with the Lagrange multiplier A we get the follow- 
ing functional 

S = J (PxVG e~^^ X{J (fxVG e-'-^ - 1) , (3.3) 

i.e. S = S{co Co + A) — A. 

Let us mention in passing another relation between actions with unit volume con- 
dition and without it. Starting with S{G, 0) one may formally split the dilaton into 
constant and non-constant parts as follows: 0(x) = 0o + 'Pix), J (Pxy/G e~'^'^ = 1, so 
that V = JcPxVG e-^^ = e-^^\ Then ^(G, 0) = e-2*o^(G,0) = VS{G,~^) and S in 
(13. 3p in which the dilaton is constrained by the volume condition can be written as (cf. 

SiGA) = 5(G,0) = ^,o,VGe-^ = 2d^^"^ • ^'''^ 
We shall not use this representation here. 

Extremising S with respect to we then get (assuming that (13. ip is true to all orders 



in a') 



+ A = 0, (3.5) 



^The relation (|3.ip is valid, in particular, if there is a scheme in which the dependence of 13'^ on 
(j) in (|2.20p is not modified by a' corrections to all orders; this is actually true to a'^ order but may 
seem to be in conflict with the a'-dependence of the operator 7 in (|2.7p . (|2.8p . But the corresponding 
terms can be further redefined away (or integrated by parts) at the level of the action. 

^For an earlier closely related suggestion in specific D = 2 case see [26] . 
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so that after solving for 0, i.e. imposing (13.51) . we get 



S = (3^ 



-X . 



(3.6) 



Thus A has an interpretation of minus the effective central charge. 

To leading order in a' the action S (13.31) and eg. (13. 5 p can be written as follows (see 
(E20D) 



^ = -A + J (PxVG $ a + Co - a'{-V^ + ^R) 



$ + 0(a'' 



-V^ + lR) + 0{a'] 



$ = a'"^(co + A)<l> 



where 



1 . 



(3.7) 
(3.8) 



(3.9) 



The existence of a solution of this equation with $ = e"*^ > requires that cq + A is 
the minimal eigenvalue of the operatoi0 — + \R which always exists on a compact 
space |S] (see also p6]). The corresponding eigenfunction will have no zeros and can 
be chosen positive which is what is required for the identification of it with e"*^ (or the 
inverse of the effective "string coupling constant" Qs = e"^). Thus extremizing in 
translates (for cq = 0) into choosing A as a minimal eigenvalue of the above Laplacian. 

To leading order in a' when the RG flow defined by (I2.17l) .( |2.16p is simply the Ricci 
flow the Perelman's definition of the functional whose gradient is (i.e. P'^ with an 
appropriate diffeomorphism term) and which grows monotonically with the RG fiow 
toward IR (t oo) is simply the minimal eigenvalue A of (13.80 (for cq = 0). Thus, in 
view of (13. 6p . 

S{G) = S{G, 0(G)) = -A(G) . (3.10) 

Let us extend this definition to all orders in a'. First, the variation of S{G) over G^^, 
is the same as the G^^^ variation of S{G, 0) or S{G, 0) with independent of Gf^i^: the 
variation over vanishes as a consequence of (13. 5p . Then (12.130 implies that 

proportional to (3^^^. In addition, we may ignore the variation of 
vanishes on the equation for 0. Then 



5S 



IS 



G since its coefficient 



6S 



^ - K 

HI/ l^iiv,pa 



K 



■llU,p<T 



per 



(3.11) 



Thus 5 is a gradient function for the metric RG flow. 
To study the monotonicity property of S we note that 



dt 



-A 



G 

fJ.U 



6S 



6G 



G 
p,v 



6S 



pv 



5G 



-A 



G 
pu 



^pv,pa 



■A 



G 
pa 



(3.12) 



pv 



'Let us note in passing that the conformal scalar operator in D dimensions is — 



D-2 

4(D-i: 



R so 



that -V^ 



\R is conformal in the limit D — > oo. 
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Here k^^^p" is the inverse of n^i^^pa in (13.111) : on the equation of motion for one need 
not worry about the contribution of the variation of ^/G term in the action and thus 
there is no extra term proportional to —^G^^Gp^ (cf. (I2.19P ) 

^pu,pa ^ G^/'G"'" + 0(a'2) . (3.13) 

The positivity of K,^^'^'P^ at leading order in a' implies that S monotonically decreases 
toward the IR (t — oo) as required of an effective central charge [3J, while A grows 
like an entropy [5J0 The positivity of k'^'^'P'^ is obvious in perturbation theory in a', 
i.e. in sigma model loop expansion!^ It may be possible to prove it rigorously to all 
orders using the general properties of renormalization of the sigma model on a curved 
background as discussed in [191 120] • 

Since the dependence on the dilaton of the beta-functions in (I2.6p . ( 12171) is simple 
(linear) the same simplicity should apply to the effective action. Starting with the 
action in the special scheme (I2.2ip we shall assume that to all orders in a' it can be 
put into the form similar to the leading-order action (13.70 (here we set Cq = 0) 

S = -X + J d^xVG <l>{X-a'A)<!> , $ = 6"'^, (3.14) 

where 

A = -V' + t/(G), (3.15) 

U=lR+ ^^a'Rp^xpR^'^'' + ^,a'\Rp,xpR'""'''Rj' - ^^RnXp^R^'^^" R\' p) + 0{a'^). 

(3.16) 

For R^ terms we used the result of |25| [16] . We have assumed that there should 
exist a scheme choice in which all higher-derivative terms which may be present in 
the anomalous dimension operator 7 in (12. 7p can be integrated by parts in the action 
(I2.2ip so that A remains a canonical second-derivative scalar Laplacian as it was at the 
leading order in a' in (13.70 . This is indeed what happens to order a"^ as was explicitly 
verified in [161 IH] • 

The potential function U{G) is a smooth generalization of the leading-order term 
if?. Then for compact euclidean-signature space the operator A is again positive and 
its spectrum should be bounded from below. Then the eigen-function $ corresponding 
to its lowest eigenvalue A/a' can again be chosen positive, i.e. there should exist a 
non-singular solution for 0@ Combined with the positivity of the metric in (I3.13p . 
A will then provide the generalization of the Perelman's entropy to all orders in a', 
implying the irreversibility of the exact RG flow of the sigma model. 

To leading order in a' the relation between Perelman's entropy and the central charge was 
already pointed out in The same is true also in the presence of the B^i, coupling [5]. Using the 
monotonicity of A one is then able to prove the absence of periodic RG trajectories [5j|6]. 

""^^To become negative k^'^-p'^ should go through zero but that would require a' R ~ 1, invalidating 
perturbation theory expansion. 

^•^We are grateful to S. Cherkis for a clarifying discussion of this point. 
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As we have seen above in (13.61) . A has also a meaning of minus the effective central 
charge (3'^, which, at the fixed point = 0, is equal to the usual central charge. 
This is in agreement with the general claim of the c-theorem. The construction of the 
sigma model "c-function" a /aref.[3] (i.e. in terms of 2-point functions of stress-tensor 
components) did lead |1] to P'^, but as we explained above following Perelman's idea, 
to show that the RG flow of G^i, is monotonic one is also to solve for the dilaton and 
restrict its constant part by the volume condition (13.21) . This then confirms the validity 
of the c-theorem for the G^^, RG flow of the 2d sigma model (at least to order a"^). 

To make this proof of the c-theorem rigorous (i.e. to extend it beyond a'^ order) one 
is to justify our main assumption that the exact action (I2.2ip can be put into the form 
(I3.14p . This may be possible to achieve using the identities like (I2.12p following from 
the renormalization properties of composite operators of the sigma model [TSl [2010 
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